A method is described for making estimates of the total emissivity of hydrogen in the temperature and pressure ranges where hydrogen atoms predominate under equilibrium conditions. For a typical geometrical depth of 50 cm, and temperatures of the order of 12 500 0 K and higher, with pressures of the order of 100 atmos and higher, the emissivity approaches unity «:;0.95), while for temperatures of the order of 9500 0 K and lower, with pressures of the order of 10 atmos and lower, the emissivity approaches zero «<0.05). The variations of the emissivity between these approximate limits are shown graphically as functions of temperature and pressure with the geometrical depth set at 50 cm. The variation of the emissivity with geometrical depth is also shown graphically at 12 600 0 K and 20 at mos.
INTRODUCTION

I
T is of some interest to obtain the emissivity of hydrogen atoms as a function of temperature and pressure in order to assess the importance of radiant * Supported by the Office of Naval Research under Contract Nonr-220(03), NR 015 401. Reproduction in whole or in part is permitted for any purpose of the United States Government. Previous publications of this series have been concerned with heat transfer for high-temperature systems utilizing hydrogen. If the temperatures are sufficiently high, the hydrogen will exist almost completely in the atomic emissivity calculations on diatomic and polyatomic molecules [see S. S. Penner, J. App!. Phys. 25, 660 (1954) state, and hydrogen atoms will make the major contribution to the total emissivity. Furthermore, the treatment for hydrogen atoms provides a simple example of emissivity calculations for atomic systems.
The emissivity E of a body is the ratio of the emitted radiant energy to the radiant energy emitted by a blackbody. The contributions to the emissivity of hydrogen atoms come from two sources: the continuous spectrum and the discrete transitions.
The =RO",[l-exp(P",X) ]. This function can be plotted as a function of w on the same graphs as RO",.
Here R.,dw (erg/cm 2 -sec) is the radiant energy emitted by the hydrogen atoms, per unit area, per unit time, in the wave number interval dw, into a solid angle of 27r steradians, Pw (cm-1-atmos-l ) is the spectral absorption coefficient, and X (cm-atmos) is the optical density. The spectral absorption coefficient P", is set equal to P",d+Pw·, where Pw d arises from discrete transitions and p",. from continuous spectrum contributions. To obtain the emissivity one takes the ratio of the actual area under the R., vs w curve to the blackbody area, uP, where u=5.6699Xlo--erg/cm2-oK4-sec. Examples of plots of R., and RO", as functions of w are reproduced in Figs. 1 to 5 for various temperatures at a representative pressure of 40 atmos. For convenience of presentation ROw/Ro""max have been used as ordinates, where ROw,max is the maximum value of ROw. The considerations used for the calculation of P w and hence R.., will now be described.
EVALUATION OF THE SPECTRAL ABSORPTION
COEFFICIENT P", AND OF OPTICAL DENSITY
A. Calculation of P '"
The mass absorption coefficient in cm 2 per gram of neutral hydrogen atoms for the continuous spectrum, X'., has been given by Unsold l as
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Here m is the mass of the electron (g), q is the charge of the electron (esu) , mH is the mass of the hydrogen atom (g), u=hcw/kT, u'n=Rhc/n 2 kT, R is the Rydberg constant (em-I), and n is the principal quantum number of the hydrogen atom. To convert X'. to p",., which has the units of cm-1-atmos-1, one must multiply by the atomic weight of hydrogen and divide by the absolute temperature and the molar gas constant, R ' , in cm 3 -atmos/mole-OK. The contribution of the Kth spectral line whose center lies at w can generally be determined by computing the maximum value of R.,(K)=Rm=.(K), which is usually the value of RO",(K) at the line center [=Ro",.(K) ], and multiplying this quantity by the intensity width defined as the wave number range for which R.,(K) ~ !Rma;x(K). Detailed calculations by the authors have shown that this procedure will give only an error of approximately one percent for the contribution of the line to the total emissivity, For collected methods of computing the spectral absorption coefficient of isolated lines see, for example, Penner and Kavanagh. 2 The maximum absorption coefficient for purely Doppler broadened lines, pI, is given by the equation
where S (cm-2 -atmos-l ) is the integrated intensity of the spectral line under consideration. The integrated intensity S may be written as
where N is the total number of atoms per cm 3 per atmos, N L is the number of atoms in the lower state per cm 3 per atmos. Here S' is given by
where j is the "oscillator strength," which has been tabulated by Unsold. l At equilibrium
where gL is the degeneracy of the lower state involved in the transition and Q is the partition function. In this case gL/Q is taken as n 2 and wL=R(1-1/n 2 ) where n is the principal quantum number of the lower state in the transition. In the present calculation the partition function is, for practical purposes, equal to the contribution from the ground state. For the temperatures and pressures considered here it may be shown, using the estimates of Urey,3 that this procedure does not introduce errors greater than about one percent. It is now possible to write Eq. (3) as
To estimate the intensity width, 21 wh-wol, at half the value of Rmax(K), one uses the well-known curves of growth (see, for example, Unsold l or Penner and Kavanagh 2 ). Here Wh is a wave number such that Rw(K)=!Rmax(K). The line shape parameter a IS given by (7) where the natural half-width has been neglected compared to the collision half-width, be. The Doppler halfwidth, b D , is given by
IH. c. Urey, Astrophys. J. 59, 1 (1924) . An estimate of the collision half-width is obtained from the formula of Weisskopf4 ; (9) where n is the number of molecules per cm 3 . Combining Eqs. (4) and (9), one obtains (10) where P T is the pressure in atmos. Knowing a and P'X, it is possible to read from the curves of growth the value of the quantity r, where A=2I wh-woIRo",.
Combining Eqs. (11) and (12), one obtains
IWh-wol =rbD/(ln2)t.
If the Stark effect due to ionization is considered, P",d may be taken as a first rough estimate, as p",S+p",n, where POlS is the absorption coefficient due to ionization broadening alone, and p",n is the absorption coefficient due to broadening without considering ionization. A relation for the absorption coefficient due to ionization broadening is given by
R'T
where No is Avogadro's number, and a(~A) (cm 2 /atom) is the absorption coefficient per absorbing atom at a wavelength ~A(A) from l/w. The relation for a(~A) is
where N f , the number of protons per cm 3 , may be determined from the Saha equation, and C n has been tabulated by Aller 6 and Unsold.l Using Eqs. (14) and (IS), a check of ionization broadening has been made at various temperatures and pressures using Ha as an example. In all cases it was found that [1-exp( -P",8X)]«1 at the value of w" previously determined without considering Stark broadening, so that it seems justifiable to take p",n=p",d.
The method described above to determine contributions to the emissivity due to discrete transitions does not apply in the case of the Lyman lines because they are too intense, and the blackbody curve along the FlG. 7. Emissivity of hydrogen atoms at various total pressures as a function of temperature (1=50 em).
• For a more complete discussion of the Stark effect due to ionization see reference 5. Here broadening due to electrons is neglected The electron effect has been discussed recently by Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955 intensity width of the lines varies appreciably in this area. At the temperatures considered here it is only necessary to determine modifications of the above method for Lyman a, since the succeeding Lyman lines give negligible contributions because of the small value of the blackbody radiancy R",o at large w. When (W-WD) is, for example, of such magnitude that it does not overlap an adjoining line, an expression for the discrete pressure broadening absorption coefficient, p",n, has been given by Born.
2 For large values of U a, an asymptotic form of this relation is given by P",n/P'=a/V7r~2, (16) where ~=[(w-WO)/bD](ln2)!. When (w-wo) is, for example, of such magnitude that it overlaps an adjoining line, Born's method for pressure broadening and the treatment described above for the Stark effect do not apply because one can no longer consider the contributions as resulting from "small" perturbations of welldefined energy states. The problem of the very broad Lyman a line has caused difficulty in related astrophysical applications, and an exact treatment is not feasible at present. Therefore, a reasonable cut-off point has been chosen beyond which the above treatment is not justifiable. The cut-off point to the left of the line is taken arbitrarily as half the distance between the Lyman a and Lyman {3 line centers. The cut-off point to the right of the line is unimportant since the blackbody contribution is negligibly small. The application of Eqs. (14), (1S), and (16) to the Lyman lines results effectively in adding a small contribution of blackbody radiation from the left cut-off point to w = 00 • It is felt that the neglect of the Lyman a contribution from w=O to the left cut-off point does not give appreciable error, but this approximation may well deserve further investigation.
The contributions due to the higher series, Brackett, Pfund, etc., have not been considered in the present computations. These series will give appreciably contributions only at much lower temperatures than were used. Even if these contributions were blackbody from the left of the first Paschen line to w= 0, the emissivity would in no case be increased by more than about 1%.
B. Determination of Optical Density X
The optical density X is defined as pHl where PH is the partial pressure of the hydrogen atoms (atmos) and l is the geometric depth (cm). The partial pressure is where x is the degree of dissociation of hydrogen molecules and P T is the total pressure. The degree of dissociation x, may be determined from (18) where Kp is the equilibrium constant for the dissociation of molecular hydrogen. Good estimates of Kp can be obtained by extrapolating data given in the National Bureau of Standards Tables. 7 Values of x and PH are listed in Table I . From this table it is seen that hydrogen atoms may be expected to contribute significantly to the total emissivity. In a more exact treatment it would be necessary to consider the contributions of species other than hydrogen atoms which are present in relatively small amounts at the temperatures and pressures considered in the present investigations.
RESULTS
By use of the above procedures the total emissivity of hydrogen atoms in equilibrium with hydrogen molecules at various temperatures and pressures has been computed. For most of the computations a typical geometrical depth of 50 cm has been used, and Figs. 1 to 7 refer to that depth, as does the following discussion except where explicitly noted otherwise. In the ranges of temperatures and pressures chosen, the emissivity varies significantly with changes in the state variables. Typical plots used to determine the emissivity are shown in Figs. 1 to 5, where the outer curve represents the blackbody curve, the cross-hatched area represents contributions from the continuous spectrum, and the solid area represents added contributions from the discrete transitions. The discontinuities in the continuous spectrum portions of Figs. 1 to 5 correspond to the onsets of the various continua; the Pfund continuum begins to contribute at w=4380, the Brackett continuum at w= 6850, the Paschen continuum at w= 12190 and the Balmer continuum at w= 27 400. It is not As may also be seen from the figures, the intensity width increases as the temperature increases, and hence discrete transition contributions also increase. In general, the continuous spectrum gives the major contribution to the emissivity at high temperatures (T> 92000K), and the discrete transitions give the major contribution at low temperatures (T <: 92000K). In a similar manner it may be shown that for a constant temperature the emissivity increases with pressure because the number density of emitters increases (fixed I, X increasing) linearly with pressure; furthermore, the lines are broadened as the pressure is raised. The data listed in Table II are obtained from such plots as are shown in Figs. 1 to 5. These data are shown in graphical form in Figs. 6 and 7. From these figures it is seen that the emissivity approaches unity (E>0.95) for temperatures of the order of 12 500 0 K and higher, with pressures of the order of 100 atmos and higher, while for temperatures of the order of 9500 0 K and lower, with pressures of the order of 10 atmos and lower, the emissivity approaches zero (e<:0.05). The graph in Fig. 8 shows the change in the total emissivity as a function of geometrical depth for constant temperature (T= 12 600 0 K) and pressure (P T = 20 atmos). If either the temperature or pressure is decreased, the emissivity decreases and the E vs I curve lies under the curve shown. Similarly, if either the temperature or pressure is increased, the E vs l curve lies above the curve shown.
The values of total emissivity derived by the above method can be used to estimate the magnitude of the radiant heat transfer rate for hydrogen in the temperature and optical density range considered.
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